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GEOMETRIC CONTROL IN THE PRESENCE OF A BLACK BOX
NICOLAS BURQ AND MACIEJ ZWORSKI
Abstrat. We apply the blak box sattering theory to problems in ontrol theory for the
Shrödinger equation, and in high energy eigenvalue sarring.
1. Introdution
The purpose of this paper is to show how ideas oming from sattering theory (resolvent
estimates) lead to results in ontrol theory and to some losely related eigenfuntion estimates.
The blak box approah in sattering theory developed by Sjöstrand and the seond author
[32℄ puts sattering problems with dierent strutures in one framework, and allows abstrat
appliations of spetral results known for onned systems. One striking example is a redution
of sattering on nite volume surfaes to one dimensional blak box sattering. In this paper
we take the opposite point of view: a blak box in a onned system is replaed by a sattering
problem. That permits having isolated dynamial phenomena (suh as only one losed orbit)
impossible in onned systems. It also permits using some ner results of sattering theory
diretly.
We stress that this follows the well established trend (see Bardos-Lebeau-Rauh [2℄) of using
propagation of singularities results developed for sattering theory in geometri ontrol theory.
We also mention that the term blak box is ommonly used, in a similar ontext, in applied
ontrol theory [34℄.
Sine the proofs are simple and sine it is protable to state the results in an abstrat setting
whih requires a ertain amount of preparation, in this setion we will present some typial
appliations.
Control region
Blak box model:
Ikawa's obstale sattering
Figure 1. Control in the exterior of several onvex bodies
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In geometri ontrol theory for the Shrödinger equation (see Lebeau [26℄, and also [27℄,[38℄
for earlier work and bakground) we are onerned with the following mixed problem:
(i∂t +∆)u = 0 in Ω
u↾[0,T ]×∂Ω= g1l[0,T ]×Γ
u↾t=0= u0.
(1.1)
where Ω is an open subset of Rd, ∂Ω is its boundary and Γ is an open subset of ∂Ω. The
question is to determine a (large) lass of funtions u0 for whih there exists a ontrol g suh
that u↾t=T= 0. In a geometri setting in whih full geometri ontrol fails, the following result
was established by the rst author in [4℄:
Theorem 1. Consider Θ = ∪Nj=1Θj ⊂ Rd, a union of mutually disjoint losed sets with stritly
onvex smooth boundaries, and satisfying the assumptions in Set.6.2 below. Let Ω˜ be a bounded
domain with a smooth boundary and ontaining convhull(Θ). Denote by Ω = Ω˜ \Θ and Γ = ∂Ω˜.
Then for any T, ε > 0 and any u0 ∈ H1+ε0 (Ω) there exists g ∈ L2([0, T ]× Γ) suh that in (1.1),
with we have u↾t>T≡ 0.
In Fig.1 on the left we have three onvex obstales inside of the boundary of Ω˜. Inside of the
blak box bounded by the dotted line the loal geometry is the same as in the sattering problem
on the right.
We are going to show how Theorem 1 an be obtained diretly from estimates on the resolvent
of the Laplae operator, whih in turn an be dedued from semi-lassial miroloal analysis or
from known results in sattering theory. In the ase quoted above, these ome from the work of
Ikawa [23℄ and in partiular we an now avoid most of the deliate analysis of [4℄.
The next appliation generalizes a result of Colin de Verdière and Parisse [12℄ who onsidered a
speial ase of an isolated trajetory lying on a segment of a onstant negative urvature ylinder
in dimension two:
Theorem 2. Suppose that (X, g) is a ompat Riemannian manifold with a (possibly empty)
boundary and γ ⊂ X is a losed hyperboli geodesi (we allow broken geodesi ow as long
as the reetions are all transversal). If χ ∈ C∞(X, [0, 1]) is supported in a suiently small
neighbourhood of γ then there exists a onstant C = C(γ) suh that for any eigenfuntion, u, of
the Laplaian, ∆g with Dirihlet or Neumann boundary onditions, we have
(1.2) C
∫
X
|u(x)|2(1− χ)(x)dvolg ≥ 1
logλ
∫
X
|u(x)|2dvolg , −∆gu = λu .
An example [12℄ of a ylinder segment with Dirihlet boundary onditions shows that the
result is optimal.
The proof of Theorem 2 (see also Theorem 2
′
) is based on putting the losed hyperboli orbit
into a miroloal blak box, where that orbit beomes the only trapped orbit in a sattering
problem. We an then use sattering estimates based on the quantum monodromy method [33℄,
and the work of Gérard [15℄ and Gérard-Sjöstrand [17℄ to obtain estimates leading to (1.2).
We onlude with a brief disussion of another example related to eigenvalue sarring (see
Theorem 9 below for a full disussion). While in Theorem 2 we eliminated the need for separation
of variables, its use is essential in this ase. For the Bunimovih avity shown in Fig.2 the natural
blak box for onstruting bouning ball modes (two are shown in the same gure) is a retangle
onstituting the entral part of the avity  see the reent disussion of this in [14℄ and [37℄. On
one hand, our result shows that the rude error estimate
(1.3) (−∆D − λ)uλ = O(1) , ‖u‖ = 1 ,
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Figure 2. An experimental image of the wave in the blak box in Fig. 5 
see [10℄ and http://www.bath.a.uk/∼pysmd/aoustis.
in the quasimodes obtained by trunating the retangle modes is in fat the best possible and on
the other hand that the eigenfuntions an not aumulate at high frequeny only in the entral
part. This agrees with the experimental results [10℄ where it was stressed that phenomena shown
in Fig.2 an our only at low frequenies (see also [1℄ for a dierent disussion and referenes to
the physis literature). For an exat eigenstate we have the following
Theorem 3. Let u be a Dirihlet eigenfuntion of the Laplaian on the Bunimovih stadium M :
−∆u = λu, u↾∂M= 0
Let a(x) be any ontinuous funtion identially 1 on the non-retangular part of M . Then there
exists C > 0 suh that
(1.4) C
∫
M
|a(x)u(x)|2dx ≥
∫
M
|u(x)|2dx .
Stronger results (implying (1.4)) are presented in Theorems 3
′
and 9 in Set.6.3. A self
ontained proof of Theorem 3 and a disussion of related mathematial and physial literature
has been presented in [7℄. We stress that only the properties of the retangular part used as a
blak box are needed for this result.
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partial support under the grant DMS-0200732. They are also grateful to Steve Zeldit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informing them of [14℄ and [37℄ whi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for the permission to use their Fig.2. The rst author thanks the Mathemati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e Resear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Institute for its hospitality during spring 2003.
2. Preliminaries
In this setion we review some basi aspets of semilassial miroloal analysis, following [33,
Setion 3℄. Thus, let X be a ompat C∞ manifold. We onsider pseudo-dierential operators as
ating on half-densities, u(x)|dx| 12 ∈ C∞(X,Ω 12X), where we use the informal notation indiating
how the half-densities hange under hanges of variables:
u(x)|dx| 12 = v(y)|dy| 12 , y = κ(x) ⇐⇒ v(κ(x))|κ′(x)| 12 = u(x) ,
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Consequently the symbols will also be onsidered as half-densities  see [21, Set.18.1℄ for a general
introdution and [33, Appendix℄ for a disussion of the semi-lassial ase. This way our results
are more general and do not depend on the hoie of a metri onX . IfX is a Riemannian manifold
and the operator we onsider its Laplae-Bertrami operator then the natural Riemannian density
is all we need.
By symbols on X we mean the following lass:
Sk,m(T ∗X,Ω
1
2
T∗X) = {a ∈ C∞(T ∗X × (0, 1]; Ω
1
2
T∗X) : |∂αx ∂βξ a(x, ξ;h)| ≤ Cα,βh−m〈ξ〉k−|β|} ,
and the lass orresponding pseudodierential operators, Ψm,kh (X,Ω
1
2
X), obtained from a loal
formula in Rn:
(2.1) Opwh (a)u(x) =
1
(2πh)n
∫ ∫
a
(
x+ y
2
, ξ, h
)
ei〈x−y,ξ〉/hu(y)dydξ .
The prinipal symbol map,
σh : Ψ
m,k
h (X,Ω
1
2
X) −→ Sk,m/Sk−1,m−1(T ∗X,Ω
1
2
T∗X) ,
gives the left inverse of Opwh in the sense that σh ◦Opwh : Sm,k → Sm,k/Sm−1,k−1 is the natural
projetion. We refer to [13℄ for a detailed disussion of the Weyl quantization and to [36℄ for a
disussion in the ase of manifolds.
For a ∈ Sm,k(T ∗XΩ 12T∗X) we follow [33℄ in dening
ess-supph a ⊂ T ∗X ⊔ S∗X , S∗X def= (T ∗X \ 0)/R+ ,
where the usual R+ ation is given by multipliation on the bers: (x, ξ) 7→ (x, tξ), as
ess-supph a =
∁{(x, ξ) ∈ T ∗X : ∃ ǫ > 0 ∂αx ∂βξ a(x′, ξ′) = O(h∞) , d(x, x′) + |ξ − ξ′| < ǫ}
∪ ∁{(x, ξ) ∈ T ∗X \ 0 : ∃ ǫ > 0 ∂αx ∂βξ a(x′, ξ′) = O(h∞〈ξ′〉−∞) ,
d(x, x′) + 1/|ξ′|+ |ξ/|ξ| − ξ′/|ξ′|| < ǫ}/R+
.
For A ∈ Ψm,kh (X,Ω
1
2
X), then put
WFh(A) = ess-supph a , A = Op
w
h (a) ,
and this denition does not depend on the hoie of Opwh . For
u ∈ C∞((0, 1]h;D′(X,Ω
1
2
X)) , ∃ N0 , h−N0u is bounded in D′(X,Ω
1
2
X),
we dene the semi-lassial wave front set as
WFh(u) = ∁{(x, ξ) : ∃ A ∈ Ψ0,0h (X,Ω
1
2
X) σh(A)(x, ξ) 6= 0 , Au ∈ h∞C∞((0, 1]h; C∞(X,Ω
1
2
X))} .
When u is not neessarily smooth we an give a denition analogous to that of ess-supph a. In
this paper we will work in a pure semi-lassial setting and onsequently only ompat subsets
of T ∗X will be important. Consequently, this denition is suient for our purposes.
We also need to review the notion of miroloal equivalene of operators and other objets.
Suppose that
T : C∞(X,Ω 12X)→ C∞(X,Ω
1
2
X) ,
and that for any semi-norm ‖ • ‖1 on C∞(X,Ω
1
2
X) there exists a semi-norm ‖ • ‖2 and M0 suh
that
‖Tu‖1 = O(h−M0)‖u‖2 .
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This ondition makes T semi-lassially tempered. In the sequel all operators onsidered will be
assumed to satisfy this temperene ondition. For open sets, V ⊂ T ∗X , U ⊂ T ∗X , the operators
dened miroloally near V × U are given by equivalene lasses of tempered operators given by
the relation
T ∼ T ′ ⇐⇒ A(T − T ′)B = O(h∞) : D′(X,Ω 12X) −→ C∞(X,Ω
1
2
X) ,
for any A,B ∈ Ψ0,0h (X,Ω
1
2
X) suh that
WF (A) ⊂ V˜ , WF (B) ⊂ U˜ ,
V¯ ⋐ V˜ ⋐ T ∗X , U¯ ⋐ U˜ ⋐ T ∗X , U˜ , V˜ open .
(2.2)
We say that P = Q miroloally near U × V if APB − AQB = OL2→L2(h∞), where beause
of the assumed pre-ompatness of U and V the L2 norms an be replaed by any other norms.
For operator identities this will be the meaning of equality of operators in this paper, with U, V
speied (or lear from the ontext). Similarly, we say that B = T−1 miroloally near V ×V , if
BT = I miroloally near U ×U , and TB = I miroloally near V ×U . More generally, we ould
say that P = Q miroloally on W ⊂ T ∗X × T ∗X (or, say, P is miroloally dened there), if
for any U, V , U × V ⊂W , P = Q miroloally in U × V . We should stress that miroloally is
always meant in this semi-lassial sense in our paper.
Rather than review the denition of h-Fourier integral operators we will reall a harateriza-
tion whih is essentially a onverse of Egorov's theorem:
Proposition 2.1. Suppose that U = O(1) : L2(X) → L2(X), and that for every A ∈ Ψ0,0h (X)
we have
AU = UB , B ∈ Ψ0,0h (X) , σ(B) = κ∗σ(A) ,
miroloally near (m0,m0) where κ : T
∗X → T ∗X is a sympletomorphism, dened loally near
m0, κ(m0) = m0. Then U is, miroloally, near (m0,m0), an h-Fourier integral operator of
order zero, quantizing κ, that is assoiated to the graph of κ.
For the proof and further details we refer the reader to [33, Lemma 3.4℄. We will use the
following well known fat (see [33, Proposition 3.5℄ for the proof):
Proposition 2.2. Suppose that P ∈ Ψ0,kh (X) has a real prinipal symbol whih satises the
ondition
p = 0 =⇒ dp 6= 0 .
For any m0 ∈ p−1(0) there exists an h-Fourier Integral Operator, F ,
FP = hDx1F , miroloally near ((0, 0),m0)
F−1 exists miroloally near (m0, (0, 0)) .
3. From resolvent estimates to time dependent ontrol
In this setion we will present a simple abstrat argument showing how semi-lassial resolvent
estimates give a ontrol result for the semi-lassial Shrödinger operator. An adaptation of this
argument to the lassial ontrol setting will be presented in Set.5.
Theorem 4. Let P (h) be a family of self-adjoint operators on a Hilbert spae H, with a xed
domain D. Let H1 be another Hilbert spae, and suppose that for a bounded family operators,
A(h) : D → H1, we have
(3.1) ‖u‖H ≤ G(h)
h
‖(P (h) + τ)u‖H + g(h)‖A(h)u‖H1 ,
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τ ∈ I = (−b,−a) ⋐ R, 1 ≤ G(h) = O(h−N0), for some N0. Fix χ ∈ C∞c ((a, b)). There exists
onstants c0, and C0, suh that for any T (h) satisfying
(3.2)
G(h)
T (h)
< c0
we have for 0 < h < h0(δ),
(3.3) ‖χ(P (h))u‖2H ≤ C0
g(h)2
T (h)
∫ T (h)
0
‖A(h)e−itP (h)/hχ(P (h))u‖2H1dt .
To motivate the abstrat presentation we relate the notation of Theorem 4 to a onrete
situation. Thus let P (h) = −h2∆ be the Dirihlet Laplaian on a ompat manifold Ω, with
boundary ∂Ω. Then
H = L2(Ω) , D = H2(Ω) ∩H10 (Ω) .
Let Γ ⊂ Ω. We then dene
H1 = L2(Γ) , D ∋ u 7−→ A(h)u = h∂νu↾Γ∈ H1 ,
where ∂ν denotes the inward pointing normal to ∂Ω. The estimate (3.3) is a typial observability
estimate equivalent by duality to an exat ontrol statement (see Set.6.1). An abstrat method
for obtaining semi-lassial estimates (3.1) will be presented in Set.4.
Proof. Let us put v(t) = exp(−itP (h)/h)χ(P (h))u. We introdue a funtion ψ ∈ C∞c (R; [0, 1]),
and put
w(t) = ψ
(
t
T (h)
)
v(t) .
Clearly,
(ih∂t − P )w(t) = ih
T (h)
ψ′
(
t
T (h)
)
v(t) .
Beause of the ompat support we an take the (semi-lassial) Fourier transform in t whih
gives
(τ + P )ŵ(τ) = − ih
T (h)
Ft→τ (ψ′(•/T (h))v)(τ) .
For τ ∈ I we an use (3.1) whih gives
‖ŵ(τ)‖H ≤ G(h)
T (h)
‖Ft→τ (ψ′(•/T (h))v)(τ)‖H + g(h)‖A(h)ŵ(τ)‖H1 .
Using the generalized Planherel theorem we obtain∫
I
‖ŵ(τ)‖2Hdτ ≤ 2
G(h)2
T (h)2
‖ψ′(•/T (h))v‖2L2(Rt;H) + 2g(h)2‖A(h)w‖2L2(Rt;H1) .
We now want to show that we an integrate over R in plae of I in the left hand side. That
follows from
(3.4) ‖wˆ(τ)1lR\I(τ)‖H = O
((
h
1 + |τ |
)∞)
‖χ(P )u‖H ,
whih in turn follows from integration by parts in
wˆ(τ) =
∫
R
e−it(P+τ)/hψ
(
t
T
)
χ(P )udt =
∫
R
(−(P + τ)−1hDte−it(P+τ)/h)ψ
(
t
T
)
χ(P )udt ,
using
∀ τ ∈ R \ I ‖(P + τ)χ(P )u‖H ≥ 1
C
‖χ(P )u‖H .
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Thus we obtained
‖w‖2L2(Rt;H) ≤ 2
G(h)2
T (h)2
‖ψ′(•/T (h))v‖2L2(Rt;H) + g(h)2‖A(h)w‖2L2(Rt;H1) +O(h∞)‖χ(P )u‖2 ,
and the rst term on the right an be absorbed on the left using (3.2). In fat, sine
sup
φ∈C∞c ((0,1))
∫ 1
0 φ(s)
2ds∫ 1
0
φ′(s)2ds
= π−2 ,
we have from the denition of w, and for any ǫ > 0,
‖χ(P )u‖H ≤ 2(π2 + ǫ)G(h)
2
T (h)2
‖χ(P )u‖H + 2g(h)
2
T (h)
‖A(h)w‖2L2(Rt;H1) +O(h∞)‖χ(P )u‖2H .
This ompletes the proof one we take h small enough. 
4. Semilassial blak box resolvent estimates
In this setion we will make assumptions under whih resolvent estimates an be obtained in
the semi-lassial setting. For simpliity no boundary will be allowed here.
Let X be a ompat C∞ manifold. Let P (h) ∈ Ψ2,0h (X ; Ω
1
2
X) be formally self-adjoint on
L2(X ; Ω
1
2
X). We assume that, if p is the prinipal symbol of P (h) then
(4.1) p = 0 =⇒ dp 6= 0 , p ≥ 〈ξ〉2/C for |ξ| ≥ C,
and that for some δ > 0
(4.2) p−1([−δ, δ]) ⋐ T ∗X .
Energy surfae {p = 0} V
Blak box model
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Figure 3. A semi-lassial blak box with an hyperboli trapped trajetory.
Suppose that Q(h) is a family of bounded operators on a Hilbert spae H. Suppose that there
exist bounded operators
U1(h) : L
2(X ; Ω
1
2
X) −→ H
U2(h) : H −→ L2(X ; Ω
1
2
X) ,
χ♯(h) : H −→ H ,
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suh that, miroloally near V , an open subset of p−1([−δ, δ]), we have
U2(h) ◦ U1(h) = Id ,
U1(h) ◦ U2(h) = χ♯(h) ,
U1(h) ◦ P (h) ◦ U2(h) = Q(h) ◦ χ♯(h) .
(4.3)
In pratie, the operators Uj(h) are h-Fourier integral operators (see Proposition 2.1) but we
do not need to make this assumption in the abstrat presentation. Figure 3 shows our setup
shematially in the ase relevant for the proof of Theorem 2.
Theorem 5. Let P (h) and Q(h) satisfy the assumptions above and V0 be an open relatively
ompat subset of T ∗X. Suppose that A ∈ Ψ0,0h (X,Ω
1
2
X) is miroloally ellipti in V0, and that
there exists T > 0 suh that
∀ ρ ∈ p−1(0) \ V ∃ 0 < t < T , ǫ ∈ {±1}
exp(ǫsHp)(ρ) ⊂ p−1(0) \ V , 0 < s < t , exp(ǫtHp)(ρ) ∈ V0 .
(4.4)
Suppose also that
(4.5) ‖χ♯(h)Q(h)−1‖ ≤ G(h)
h
, G(h) ≥ 1 .
Then for u ∈ C∞(X,Ω 12X) we have
(4.6) ‖u‖ ≤ CG(h)
h
‖f‖+G(h)‖Au‖ .
We start with the following standard:
Lemma 4.1. Suppose that p,A, and V satisfy (4.4). If B ∈ Ψ0,0(X,Ω 12X) and WF (B) ⊂ T ∗X\V
then
(4.7) ‖Bu‖ ≤ Ch−1‖Pu‖+ ‖Au‖+O(h∞)‖u‖ .
Proof. In view of the ompatness of p−1(0) we an replae V0 by a preompat neighbourhood
of V0 ∩ p−1(0). The assumption (4.4) then shows that it is enough to prove a loal version of the
estimate. We an suppose that WF (A) ⊂ U where U is a small neighbourhood of m0 ∈ V0 and
WF (B) ⊂
⋃
0≤t≤t0
exp(ǫtHp)(U1) ⊂ T ∗X \ V , U1 ⋐ U .
If t0 is small enough we an apply Proposition 2.2, as the estimate is lear in the ase of P = hDx1 .
In general, we an then split the interval [0, t0] into subintervals in whih the t0-small argument
an be applied. 
Proof of Theorem 5. Suppose that B1 satises
WF (B1) ⊂ V1 , V ⋐ V1 , WF (I −B1) ⊂ T ∗X \ V .
Then if V1 is suiently lose to V then using the seond part of (4.3) we have
‖B1u‖ = ‖U2χ♯U1B1u‖+O(h∞)‖u‖
= ‖U2χ♯Q−1QU1B1u‖+O(h∞)‖u‖
(4.8)
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If we now apply (4.5) and then (4.3) again, we obtain
‖B1u‖ ≤ G(h)
h
‖Qχ♯U1B1u‖H +O(h∞)‖u‖
≤ CG(h)
h
(‖Pu‖+ ‖[P,B1]u‖) +O(h∞)‖u‖
≤ CG(h)
h
‖Pu‖+G(h)‖B2u‖+O(h∞)‖u‖ ,
(4.9)
where B2 ∈ Ψ0,0(X,Ω
1
2
X) satises
WF (B2) ⊂ V1 \ V , WF ((I −B2)[P,B1]) = ∅ .
Lemma 4.1 now shows that
‖B1u‖ ≤ CG(h)
h
‖Pu‖+G(h)‖Au‖+O(h∞)‖u‖ .
We now hoose B3 ∈ Ψ0,0h (X,Ω
1
2
X) suh that WF (B3) ⊂ T ∗X \V , and WF (I −B3) ⊂ V1. We
an apply Lemma 4.1 with B = B3 and that gives (4.6) as ‖u‖ ≃ ‖B1u‖+ ‖B3u‖.
In some situations we an obtain improved estimates under a modied assumption on Q−1.
This modiation will be ruial in Set.6 where we will prove (1.2). We present it separately
not to obsure the simpliity of Theorem 5:
Theorem 5
′
. Suppose that the assumptions of Theorem 5 hold, and that in addition,
(4.10) ‖χ♯(h)Q−1U1φ(h)‖ ≤ g(h)
h
,
where φ(h) is a miroloal ut-o to a neighbourhood of V1 \ V , where V1 ⋑ V is a small neigh-
bourhood of V . Then we have,
(4.11) ‖u‖ ≤ CG(h)
h
‖Pu‖+ g(h)‖Au‖ .
Proof. We revisit the proof of Theorem 5. Instead of moving instantly to (4.9) from (4.8) using
(4.6), we apply the identities (4.3), and write
‖B1u‖ ≤ C‖χ♯Q−1Qχ♯U1B1u‖H +O(h∞)‖u‖
= ‖χ♯Q−1U1(B1Pu+ [P,B1]u)‖H +O(h∞)‖u‖
≤ ‖χ♯Q−1U1B1Pu‖H + ‖χ♯Q−1U1φ(h)[P,B1]u‖H +O(h∞)‖u‖ ,
where we ould insert the ut-o φ(h) due to the mirosupport properties of B1.
If we apply (4.6) and (4.10) we obtain a loal version of (4.11):
‖B1u‖ ≤ CG(h)
h
‖Pu‖+ g(h)
h
‖[P,B1]u‖ .
The proof is then ompleted as in the ase of Theorem 5. 
10 N. BURQ AND M. ZWORSKI
5. Estimates in the homogeneous ase: lassial ontrol
In this setion we will adapt the semi-lassial arguments of Set.4 to obtain a lassial version
of the estimate (4.6). We start by modifying the blak box assumptions where we essentially
follow [32℄,[31℄ but hange the ambient spae from Rn to an arbitrary manifold.
Thus let X be ompat C∞ manifold with a (possibly empty) boundary ∂X . We onsider an
ellipti dierential operator of order two,
P0 ∈ Diff2(X,Ω
1
2
X) ,
with a domain D0 ⊂ L2(X,Ω
1
2
X). The hoie of the domain inludes the possible boundary
onditions.
Let Y ⊂ X be an open set. We also onsider an auxiliary manifold X˜, whih oinides with
X on a neighbourhood, Y˜ of Y  see Fig.4 for a visualization.
We then onsider omplex Hilbert spaes H, Hbb with orthogonal deompositions
H = HY ⊕ L2(X \ Y,Ω
1
2
X)
Hbb = HY ⊕ L2(X˜ \ Y,Ω
1
2
X˜
) .
For H the orthogonal projetions on the two fators are denoted by 1lY and 1lX\Y respetively.
If χj ∈ C∞(X) satisfy
(5.1) suppχ0 ⊂ ∁ supp(1− χ1) ⊂ suppχ1 ⊂ Y˜ , supp(1− χ0) ⊂ X \ Y˜
then multipliation by χj is well dened on H and Hbb.
On L2(X) and Hbb we have unbounded operators, P0 and Pbb respetively with domains
D0 def= D(P0) ⊂ L2(X,Ω
1
2
X)
Dbb def= D(Pbb) ⊂ Hbb .
A self-adjoint operator, P : H −→ H, has the domain D ⊂ H, satisfying the following
onditions:
1lX\YD = 1lX\YD0 , 1lYD = 1lYDbb ,
(1− χ1)P = (1− χ1)P (1− χ0) = (1− χ1)P0(1 − χ0) = (1− χ1)P0 ,
Pχ0 = χ1Pχ0 = χ1Pbbχ0 = Pbbχ0 ,
for any funtions satisfying (5.1). We use the notation from [32℄ and in partiular write
D∞ =
⋂
k∈N
D(P k) , D−N = (DN )∗ .
We also make another standard blak box assumption:
(P + i)−1 is ompat on H.
As in previous setions we have two types of results. To obtain the assumptions of an analogue
of Theorem 4 we need resolvent estimates based on blak box resolvent estimates. That is provided
in
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Figure 4. The blak box Y , its neighbourhood, Y˜ , in the ase when X = T2
is the at torus, and X˜ = R2, the plane.
Theorem 6. Suppose that A : D(A) → H1, Abb : D(Abb) → H1, where H1 is a Hilbert spae,
D(A) ⊃ D∞, D(Abb) ⊃ D∞bb, satisfy, for u ∈ D∞ and v ∈ D∞bb,
‖1lX\Y u‖H ≤ C〈λ〉−
1
2 ‖(P − λ)u‖H + ‖Au‖H1 +O(〈λ〉−∞)‖u‖H ,
‖v‖Hbb ≤ G(λ)
(
〈λ〉− 12 ‖(Pbb − λ)v‖Hbb + ‖Abbv‖H1
)
, |λ| → ∞ ,
Aχ0 = χ1Aχ0 = χ1Abbχ0 = Abbχ0 , G(λ) ≥ 1 ,
∀k∃Ck; ‖Abbχ0u‖ ≤ Ck(‖Au‖H1 + ‖u‖D−k)
(5.2)
for any χj 's satisfying (5.1). Then
(5.3) ‖u‖H ≤ C1G(λ)
(
〈λ〉−1/2‖(P − λ)u‖H + ‖Au‖H1
)
.
Proof. We rst prove the following estimate:
(5.4) 〈λ〉−1/2‖[P0, χ0]u‖H ≤ C
(
〈λ〉−1/2‖(P − λ)‖H + ‖u1lX\Y ‖H
)
Indeed, the elliptiity of P0 gives
‖u‖H2(supp(∇χ0)) ≤ C
(‖P0u‖L2(X\Y ) + ‖u‖L2(X\Y ))
≤ C (‖(P − λ)u‖L2(X\Y ) + 〈λ〉‖u‖L2(X\Y ))(5.5)
Using the inequality ‖u‖H1 ≤ C
√‖u‖H2‖u‖L2 we get (5.4).
We now turn to the proof of (5.3). The blak box assumptions give
(Pbb − λ)χ0u = (P − λ)χ0u = [P0, χ0]u+ χ0(P − λ)u
Using (5.2) we obtain
‖χ0u‖H = ‖χ0u‖Hbb ≤ G(λ)
(
〈λ〉−1/2(‖χ0(P − λ)u‖Hbb + ‖[P0, χ0]u‖Hbb) + ‖Abbχ0u‖H1
)
Above, we an replae the norms in Hbb by norms in H and, using (5.2) and (5.4), this implies
‖χ0u‖H ≤ CG(λ)
(
〈λ〉−1/2‖(P − λ)u‖H + ‖Au‖H1 +O(〈λ〉−∞)‖u‖H + ‖u‖D−k
)
To onlude the proof we use the rst inequality in (5.2) and the fat that
‖u‖D−k = ‖(P + i)−ku‖H ≤ Ck
(〈λ〉−k‖u‖H + ‖(P − λ)u‖H)

12 N. BURQ AND M. ZWORSKI
Remark 1. In the proof above, the operators A and Abb ould depend on λ as long as the
assumptions are uniform in λ.
The dierene between the semi-lassial and lassial ontrol estimates, (3.3) and (5.9) below,
is more serious. In the lassial ase the low energy ontribution does not allow an expliit time
dependent onstant we have in (3.3) (ompare (5.9) and (5.26) below). As investigated reently
in [29℄ violent behaviour is expeted when fast ontrol is a goal.
Theorem 7. Suppose that A : D(A) → H1, where H1 is a Hilbert spae, D(A) ⊃ D∞, satises
the following ondition: for all N there exists CN suh that for all k ∈ N and u ∈ D∞,
(5.6) ‖Aψ(2−kP )u‖H1 + ‖A(1 − ψ)(2−kP )u‖H1 ≤ CN
(‖Au‖H1 + 2−kN‖u‖D−N) ,
ψ ∈ C∞0 ((1/2, 2)).
Suppose also that for all λ ∈ R and u ∈ D∞ we have
(5.7) ‖u‖H ≤ G(λ)‖(P − λ)u‖H + g(λ)‖Au‖H1 ,
where G and g satisfy
(5.8) 〈λ〉−1 ≤ G(λ) ≤ 〈λ〉N0 , C〈λ〉−N0 ≤ g(λ) ≤ C′〈λ〉N0 , g(λ/2) ≤ Cg(λ) ≤ C′g(2λ).
We also assume the following weak ontinuity property (see Remark 2 for a disussion) There
exist N1 ∈ N and a Hilbert spae H♯ suh that H1 ⊂ H♯ ontinuously, and the operator AeitP is
ontinuous from D−N0 to H−N1
lo
(Rt;H♯).
Then there exist onstants C0 and C1 = C1(T ) suh that for any T > C1 lim sup|λ|→∞G(λ)
we have for u ∈ D∞,
(5.9) ‖〈g(P )〉−1u‖2H ≤ C1(T )
∫ T
0
‖eitPAu‖2H1dt .
Remark 2. In the ase where the operator P is the Laplae operator with Dirihlet boundary
onditions, the weak ontinuity is satised in the two following typial situations:
(1) If A is a pseudodierential operator supported in the interior of X , then H1 = L2(X)
and we an take H♯ to be another Sobolev spae H−s(X).
(2) If Au = ∂nu↾Γ where Γ ⊂ ∂Ω and ∂n is the normal derivative to the boundary. Then
we an take H♯ = H1 = L2(∂X) as standard trae regularity results for solutions of
Shrödinger equations show that the assumptions hold with N1 suiently large.
Proof of Theorem 7: We follow losely the proof of Theorem 4 observing rst that, with Ψ ∈
C∞0 (]1/2, 2[) equal to 1 lose to 1, (5.7) and (5.6) imply
(5.10)
〈g(λ)〉−1‖Ψ(P/〈λ〉)u‖H ≤ G(λ)〈g(λ)〉−1‖Ψ(P/〈λ〉)(P − λ)u‖H + C‖Au‖H1 + C〈λ〉−N‖u‖D−N
whih in turn implies
(5.11) ‖〈g(P )〉−1Ψ(P/〈λ〉)u‖H ≤ G(λ)‖〈g(P )〉−1(P − λ)u‖H + C‖Au‖H1 + C〈λ〉−N ‖u‖D−N .
The funtional alulus of self adjoint operators gives
‖(1−Ψ)(P/〈λ〉)〈g(P )〉−1u‖H ≤ sup
ξ
∣∣∣∣ (1−Ψ)(ξ/〈λ〉)ξ − λ
∣∣∣∣ ‖〈g(P )〉−1u‖H ≤ C1 + |λ| ‖〈g(P )〉−1u‖H ,
whih, using (5.6) again, and (5.8) implies (taking N large enough) that for |λ| large enough,
(5.12) ‖〈g(P )〉−1u‖H ≤ CG(λ)‖〈g(P )〉−1(P − λ)u‖H + C‖Au‖H1 .
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Proeeding as in the proof of Theorem 4 we dene v(t) = exp(itP )u. We introdue a funtion
ψ ∈ C∞0 (]0, 1[), and put
w(t) = ψ
(
t
T
)
v(t) ,
so that
(i∂t − P )w(t) = i
T
ψ′
(
t
T
)
v(t) .
Beause of the ompat support we an take the Fourier transform in t whih gives
(τ − P )ŵ(τ) = i
T
Ft→τ (ψ′(•/T )v)(τ) .
Let ̺ be a large onstant to be xed later. For 〈τ〉 ≥ ̺/2 we estimate ŵ(τ) using (5.12) whih
gives
(5.13) ‖〈g(P )〉−1ŵ(τ)‖H ≤ CG(τ)
T
‖〈g(P )〉−1Ft→τ (ψ′(•/T )v)(τ)‖H + C‖Aŵ(τ)‖H1 ,
For 〈τ〉 ≤ ̺/2 we simply write, with χ ∈ C∞0 (]− 1, 1[) equal to 1 on [−1/2, 1/2],
(5.14) ŵ(τ) =
∫
t∈R
eit(P−τ)ψ
(
t
T
)
(χ(P/̺)u + (1− χ(P/̺))u)dt
The ontribution of the rst term is bounded (in H) by ‖(χ(P/̺)u‖H and by integrations by
parts with the operator
i∂t
P−τ we an bound the ontribution of the seond term by
(5.15) CN‖ 1
(1 + |T |+ |̺|+ 〈P 〉)N u‖H
From (5.13),(5.14),(5.15) and the bounds on the weight g, we get
(5.16) ‖〈g(P )〉−1ŵ(τ)‖2L2(Rτ ;H) ≤ C
(
sup|τ |≥ρ/2G(τ)
T
)2
‖〈g(P )〉−1Ft→τ (ψ′(•/T )v‖2L2(Rτ ;H)
+ C
∫ T
0
‖AeitPu‖2H1dt+ C‖1l〈P 〉≤ρu‖2H + C〈̺〉−N0‖u‖2D−N0
Remark that
(5.17) ‖〈g(P )〉−1ŵ(τ)‖L2(Rτ ;H) = T 1/2‖Ψ‖L2‖〈g(P )〉−1u‖H
and
(5.18) ‖〈g(P )〉−1Ft→τ (ψ′(•/T )v‖L2(Rτ ;H) = T 1/2‖Ψ′‖L2‖〈g(P )〉−1u‖H
Consequently, taking ρ large enough the assumption T > C1 lim sup|λ|→∞G(λ) ensures that we
an eliminate the rst and the last terms in the right hand side and get
(5.19) ‖〈g(P )〉−1u‖H ≤ C
∫ T
0
‖AeitPu‖2H1dt+ C‖1l〈P 〉≤ρu‖2H
To eliminate the last term we use the ompatness-uniqueness argument from [2℄ whih we now
reall. Proeeding by ontradition we obtain a sequene (un) suh that
(5.20) C‖1l〈P 〉≤ρun‖2H ≥ 1 = ‖〈g(P )〉−1un‖2H ≥ n
∫ T
0
‖AeitPun‖2H1dt
Dene
(5.21) HT = {u ∈ D−N0 : ‖〈g(P )〉−1u‖2H +
∫ T
0
‖AeitPun‖2H1dt < +∞}
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with its natural norm (the denition makes sense beause of the weak ontinuity property of
AeitP ). Due to the assumption (5.8) and the weak ontinuity property of AeitP , HT is a Hilbert
spae whih is ontinuously embedded in D−N0 . The sequene (un) is bounded in H and we an
extrat a subsequene onverging weakly in H to a limit u. Using the ompatness of (P + i)−1,
the operator 1l〈P 〉≤ρ is also ompat on D−N0 . By passing to the limit we see that u satises
(5.22) C‖1l〈P 〉≤ρu‖2H ≥ 1
and
(5.23) 0 =
∫ T
0
‖AeitPu‖2H1dt
The ontradition omes from the following:
Lemma 5.1. Denote by
(5.24) N = {u ∈ HT : 0 =
∫ T
0
‖AeitPu‖2H1dt}
Then N = {0}.
Proof. We rst show that N is invariant under the ation of the operator P . Using that PeitPu =
i∂te
itPu, the only thing to show is that if u ∈ N then ‖〈g(P )〉−1Pu‖H is bounded.
We denote by v(t) = eitPu and apply (5.19) with T replaed by T − ε0 to the sequene of
funtions
(5.25) vε = i
v(t+ ε)− v(t)
ε
we get for 0 < ε < ε0
(5.26) ‖〈g(P )〉−1vε↾t=0 ‖H ≤ C‖1l〈P 〉≤ρvε↾t=0 ‖2H
and using that vε↾t=0 onverges to i∂tu↾t=0= Pu↾t=0 in D−N0−1, we obtain that the right hand
side is bounded as ε tends to 0. Consequently, we an extrat a subsequene vε onverging in
HT−ε0 . The limit is neessarily (due to the weak ontinuity property) Pu whih implies that
Pu ∈ N . To onlude, remark that ‖1l〈P 〉≤ρun‖2H is a norm on N equivalent to the natural
norm. Consequently N is nite dimensional. The spae N is invariant by the operator P whih
onsequently has an eigenvetor. But any eigenvetor of P in N satises Au = 0 and is equal to
0 due to (5.7). Consequently N = {0}. 
6. Examples and appliations
In this setion we present several appliations of our method, giving, in partiular the proof
of Theorems 1, 2 and 3 stated in the introdution.
6.1. Geometri ontrol. As in the introdution we onsider Ω, a smooth domain in Rd, Γ ⊂ ∂Ω,
and we x T > 0. For any g ∈ L2([0, T ]× Γ), we denote by u = S(g) the solution of the mixed
problem (1.1). The goal is to nd onditions on Γ so that there exists a large lass of funtions
u0 whih an be ontrolled by g, in the sense that
(6.1) u↾t=T= 0 .
The basi result was obtained by Lebeau [26℄ (see also [27℄ and [38℄). It involves the natural
onepts of the broken geodesi ow and of non-dirative points (see [28℄, and also [5℄):
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Theorem 8. Suppose that Γ ontrols Ω geometrially, that is
(6.2) ∃ L0 suh that every trajetory of length L0 meets Γ at a non-dirative point,
where trajetories are with respet to the broken geodesi ow. Then for any T > 0 and any
u1 ∈ H10 (Ω) there exists g ∈ L2([0, T ]× Γ) suh that S(g)↾t>T≡ 0.
Proof. We rst reall that as an appliation of Lions's H.U.M. method [27℄ we see that Theorem 8
is equivalent to
(6.3) ∃C > 0; ‖u0‖H1
0
(Ω) ≤ C‖∂n(eit∆Du0)↾[0,T ]×Γ ‖L2([0,T ]×Γ)
This follows from Theorem 7 and the following resolvent estimate:
(6.4) ‖R(z)f‖H1(Ω) +
√
|z|‖R(z)f‖L2(Ω) ≤ C‖∂nR(z)f‖L2(Γ) + C‖f‖L2(Ω) ,
where R(z) = (−∆D − z)−1, with ∆D, the Dirihlet Laplaian on Ω. In fat, we an simply
put Au = ∂nu↾Γ and H1 = L2(Γ). To establish (6.4) we an use the miroloal defet measures
arguments as in [5℄: we rst prove (6.4) for large z and argue by ontradition. We obtain
sequenes zn → +∞ and un solution of
(−∆− zn)un = fn, ‖un‖L2(Ω) + 1√
zn
‖∇xun‖L2(Ω) = 1,(6.5)
‖fn‖L2(Ω) = o
(
1√
zn
)
(6.6)
‖∂nf‖L2(Γ) = o
(
1√
zn
)
(6.7)
Denote by hn =
√
zn
−1
. Then, modulo the extration of a subsequene (see [16, 5℄), there
exists a positive Radon measure (a semi-lassial defet measure) on T ∗Rd suh that, if un is the
extension of un by 0 outside of Ω, we have
(1) For any h-pseudodierential operator, A, on Rd, we have
〈µ, σ0(A)〉 = lim
n→+∞
(
A(x, hnDx)un, un
)
L2(Rd
(2) The measure µ is supported in the semi-lassial harateristi variety:
(6.8) supp(µ) ⊂ T ∗Rd ∩ {(x, ξ);x ∈M, |ξ|2 = 1
Furthermore (see [5, 9℄), using (6.6) we obtain that this measure is invariant along the gener-
alized biharateristi ow. In the interior, this property is straightforward, whereas, near the
boundary, it is more involved. In partiular, we an show that the measure of the hyperboli set
(orresponding to transversal reetions) is equal to 0. This allows a denition of a biharater-
isti ow on the set (6.8), µ almost everywhere. Due to (6.7) the measure is equal to 0 near any
non dirative point in Γ (see [6℄); whih, by (6.2) implies that the measure is identially null.
Finaly the ontradition arises from the fat that aording to (6.5) the measure has total mass
1.
The proof of (6.4) for z ≤ −1 is straightforward using ellipti estimates and for −1 ≤ z ≤
C, (6.4) is obtained by a ontradition argument (and ompatness) and the lassial uniqueness
theorem for seond order ellipti operators (for this point we simply use that Γ 6= ∅). 
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6.2. Ikawa's blak box. In the proof of Lebeau's theorem we did not use any blak-box
tehnology. As illustrated by Fig.1 we an employ it in
Proof of Theorem 1: As in the proof of Theorem 8 we use H.U.M. method and Theorem 7 to
redue the argument to the following estimate:
‖R(z)f‖H1(Ω) +
√
|z|‖R(z)f‖L2(Ω) ≤ C log(|z|)
(‖∂nR(z)f‖L2(Γ) + ‖f‖L2(Ω)) ,
for Im z 6= 0. This follows from Theorem 6 and the following onsequene of the work of Ikawa [23,
Theorem 2.1℄. Suppose that Rbb(k) is the outgoing
1
resolvent for the Dirihlet problem in the
exterior of the union of onvex obstales satisfying
• (convhull Θj ∪Θk) ∩Θl = ∅ , j 6= l 6= k .
• Denote by κ the inmum of the prinipal urvatures of the boundaries of the obstales
Θi, and L the inmum of the distanes between two obstales. Then if N > 2 we assume
that κL > N (no assumption if N = 2).
Then there exist α > 0, C0, and N0 suh that for Im k > −α we have
‖χRbb(k)χ‖L2→L2 ≤ C0〈k〉N0 , χ ∈ C∞c (Rn) .
An appliation of the maximum priniple as in [35, Lemma 2℄ and [8, Lemma 4.10℄ (see also
Lemma A.2 below) gives a bound
(6.9) ‖χRbb(k)χ‖L2→L2 ≤ C1
log〈k〉
〈k〉 ,
and that gives the blak-box assumption (5.2) with G(λ) = log〈λ〉 and Abb ≡ 0.
6.3. Bunimovih stadium with the at part as the blak box. Our next ontrol theoretial
appliation is a new result about high frequeny sarring in the ase of the Bunimovih stadium
2
.
The same argument applies also in reent examples related to quantum unique ergodiity [14℄,[37℄
where the at part blak box needs to be replaed by a at torus. The result whih we use in
the blak box (see Proposition 6.1 below) applies to that ase as well.
Control region, ω
Blak box model
Figure 5. Control on the Bunimovih stadium
Theorem 3
′
. Consider Ω the Bunimovih stadium assoiated to a retangle R, and ω ⊂ Ω whih
ontrols a neighbourhood of Ω \R geometrially. For any solution of the equation (∆− z)v = f ,
u↾∂Ω= 0 we then have
(6.10) ‖v‖L2(Ω) ≤ C
(‖f‖L2(Ω) + ‖1lωv‖L2(ω))
1
The outgoing resolvent is the meromorphi ontinuation of (−∆− k2)−1 from Im k > 0.
2
whih is perhaps the most elebrated example of a onvex haoti billiard
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We immediately dedue the following as a onsequene of Theorem 7:
Theorem 9. Consider Ω the Bunimovih stadium assoiated to a retangle R, and ω ⊂ Ω whih
ontrols Ω \R geometrially. Then there exist T > 0 and C > 0 suh that
(6.11) ‖u0‖2L2(Ω) ≤ C
∫ T
0
‖1lωeit∆u0‖2L2(Ω)
In fat, by using a temporal blak box, we ould prove Theorem 9 for any T > 0.
We are going to dedue Theorem 9
′
from the following result [3℄ whih is related to some
earlier ontrol results of Haraux [19℄ and Jaard [24℄
Proposition 6.1. Let ∆ be the Dirihlet Laplae operator on the retangle R = [0, 1]x × [0, a]y.
Then for any open non-empty ω ⊂ R of the form ω = ωx × [0, a]y , there exists C suh that for
any solutions of
(6.12) (∆− z)u = f on R , u↾∂R= 0 , z ∈ R ,
we have
(6.13) ‖u‖2L2(R) ≤ C
(
‖f‖2H−1([0,1]x;L2([0,a]y)) + ‖u↾ω ‖2L2(ω)
)
Proof. We deompose u, f in terms of the basis of L2([0, a]) formed by the Dirihlet eigenfuntions
ek(y) =
√
2/a sin(2kπy/a),
(6.14) u(x, y) =
∑
k
ek(y)uk(x), f(x, y) =
∑
k
ek(y)fk(x)
we get for uk, fk the equation
(6.15)
(
∆x −
(
z + (2kπ/a)
2
))
uk = fk, uk(0) = uk(1) = 0
Sine ωx ontrols geometrially [0, 1], a slight variant of (6.4) (or, in this simple ase, a diret
alulation) gives
(6.16) ‖uk‖2L2([0,1]x) ≤ C
(
‖fk‖2H−1([0,1]x) + ‖uk↾ωx ‖2L2(ω)
)
summing the squares on k we get (6.13).3 
Proof of Theorem 3
′
. Let us take x, y as the oordinates on the stadium, so that x is the
longitudinal diretion, y the transversal diretion, and the internal retangle is [0, 1]x × [0, a]y.
Let us then onsider u, f satisfying (∆ − z)u = f , u = 0 on the boundary of the stadium, and
χ(x) ∈ C∞0 (0, 1) equal to 1 on [ε, 1− ε]. Then χ(x)u(x, y) is solution of
(6.17) (∆− z)χu = χf + [∆, χ]u in R
with Dirihlet boundary onditions on ∂R. Applying Proposition 6.1, we get
(6.18) ‖χu‖L2(R) ≤ C
(
‖χf‖H−1x ;L2y + ‖u↾ωε ‖L2(ωε)
)
where ωε is a neighbourhood of the support of ∇χ. Consequently we get for V a neighbourhood
of Ω \R,
(6.19) ‖u‖L2(R) ≤ C
(‖f‖L2(R) + ‖u↾V ‖L2(V ))
3
We remark that as noted in [3℄ the proof applies to any produt manifold M = Mx ×My, and onsequently
Theorem 3' holds also for that geometry as a blak box.
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Finally, by standard propagation of semi-lassial singularities as in Set.6.1, we an replae
in (6.19) V by ω.
6.4. Semi-lassial ontrol with a presribed loss. For ompleteness we present a natural
lass of examples in whih G(h) in Theorems 4 and 5 an essentially be a power of h:
G(h) = h−α log(1/h) , α =
m− 1
m+ 1
, m = 1, 2, · · · .
For that onsider the following set of Shrödinger operators on R2:
Pm(h) = −h2∆+ x21 − x2m2 , m ∈ N .
The Heler-Sjöstrand theory of resonanes [20℄ applies to this ase (see also [30, Set.1℄ where
a disussion of a general polynomial is given). In partiular, for the meromorphially ontinued
resolvent, Rm(z, h) = (Pm(h)− z)−1, we have the following bound for the ut-o resolvent:
(6.20) ‖χRm(z, h)χ‖ ≤ Ch− 2mm+1 log(1/h) .
In fat, a separation of variables argument and the resaling x = h
1
m+1 y show that the resonanes
are at the distane h
2m
m+1
from the real axis. The same method shows that the resolvent is
polynomially bounded in h−1 and hene the interpolation argument we used before gives (6.20).
>From Pm(h) we an onstrut a blak box for an operator P (h) to whih Theorems 4 and
5 will be appliable with G(h) = h−
m−1
m+1 log(1/h).
6.5. Closed hyperboli orbits on manifolds. We will now disuss the ase ouring when
the blak box ontains a hyperboli orbit in more detail, leading to the proof of Theorem 2.
Thus suppose that the hypotheses of that theorem are satised. It is well known that we an
nd a oordinate system in a neighbourhood of γ, U ≃ S1×V , V a neighbourhood of 0 in Rn−1,
in whih γ is identied with S1 and the metri is given by
g = dθ2 +
∑
1≤i,j≤n−1
hij(x, θ)dxidxj , θ ∈ S1, x ∈ V .
Sine γ is hyperboli we an assume that S1 is the only losed geodesi in U .
>From this loal onstrution we now build a global sattering problem by extending g to
a metri, gbb, dened on S
1 × Rn−1 ≃ S1θ × Sn−1ω × [0,∞). We hoose g to be asymptotially
Eulidean:
gbb ∼ dr2 + r2dθ2 + r2gSn−1(dω) , r →∞ ,
and so that γ is the only losed geodesi of gbb.
Beause of the work of Ikawa [23℄, Gérard [15℄, and of Gérard-Sjöstrand [17℄, it is expeted
that the resolvent of the Laplaian of gbb an be ontrolled using (6.9), as in Subsetion 6.2.
Sine the two metris agree in a neighbourhood of the losed geodeis, we an use the sattering
problem as our blak box and apply Theorem 5 with A = (1−χ). That would give Theorem 2
with (logλ)2 in plae of logλ. To get the improved (and, thanks to an example in [12℄, optimal)
statement we need an improved estimate for the resolvent so that Theorem 5
′
an be applied:
‖χRbb(k)φ‖L2→L2 ≤ C1
√
log〈k〉
〈k〉 , φ ∈ C
∞
c , suppφ ∩ γ = ∅ .
Sine the needed results from sattering theory, although expeted, are not yet available
4
we
take a simplied route and use a omplex absorbing potential to onstrut a blak box operator
4
In [23℄ only onvex obstales in the Eulidean ase are studied, while in [17℄ an analytiity assumption is
made.
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Q in Theorem 5′5. That is done in the Appendix with Theorem A furnishing us with the needed
estimates. Sine we an use a neighbourhood of the hyperboli orbit of any Hamiltonian in phase
spae, we obtain a more general, fully semi-lassial variant of Theorem 2:
Theorem 2
′
. Suppose that X is a ompat n-manifold or Rn, and P (h) ∈ Ψm,0h (X,Ω
1
2
X) has
the prinipal symbol, p, satisfying:
p−1([−ǫ, ǫ]) ⋐ T ∗X , for some ǫ > 0,
p(ρ) = 0 =⇒ dp(ρ) 6= 0 ,
∃ C > 0 〈ξ〉 ≥ C =⇒ p ≥ 〈ξ〉m/C ,
Let γ ⊂ p−1(0) be losed hyperboli orbit of the Hamilton ow of p, in the sense that all eigenvalues
of the linearized Poinaré map are real and dierent from one.
There exist onstants C0 and h0, suh that if u(h) ∈ L2(X,Ω
1
2
X) satises
P (h)u = f .
then for any A(h) ∈ Ψ0,0h (X,Ω
1
2
X), with its essential support, WF (A), ontained in a small
neighbourhood of γ, we have
C0
(
h−2(log(1/h))2
∫
X
|f |2 + log(1/h)
∫
X
|(I −A(h))u|2
)
≥
∫
X
|u|2 , h < h0 .
Appendix
In this appendix we will onstrut an operator Q appearing in Theorem 5 for a blak box
ontaining a hyperboli orbit on a Riemannian manifold. Ideally, we would like Q to be the
omplex saled Laplaian, −h2∆θ−z on an asymptotially Eulidean manifold having one losed
hyperboli geodesi as its trapped set. The results of [15℄,[17℄ indiate that preise estimates of
the type needed, and in fat, the full understanding of resonanes in logarithmi neighbourhoods
of the real axis, should be possible. Sine we are dealing with the C∞ ase we will indiate here
how the arguments of [15℄ apply to this ase.
Let (X, g) be a sattering manifold satisfying the assumptions of [36℄. In our appliation that
means that near innity X ≃ (0, ǫ]x×Sn−2ω ×S1θ, and the metri is g = dx2/x4+gSn−2/x2+dθ2/x2,
with innity orresponding to x = 0. We assume that γ ⊂ X is the only losed geodesi on X
and that it is hyperboli.
Let a ∈ C∞(X, [0, 1]) be equal to 0 in a neighbourhood of γ and to 1, in a neighbourhood of
innity. We then put
(A.1) Q = Q(z)
def
= −h2∆g − z − iha , z ∈ [1, 2] + i[−ǫ, ǫ] .
The following result will allow appliations of Theorem 5:
Theorem A. If Q(z) is given by (A.1) and z ∈ I ⋐ (0,∞), then for h < h0, we have
(A.2) ‖Q(z)−1‖L2(X)→L2(X) ≤ C log(1/h)
h
.
If φ ∈ C∞b (X) is supported away from γ then we also have
(A.3) ‖Q(z)−1φ‖L2(X)→L2(X) ≤ C
√
log(1/h)
h
.
5
We remark however that the results of [18℄ and [11℄ would have been suient for the ase of hyperboli
geodesis on onstant negative urvature segments, if one takes the blak box approah.
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To prove this theorem we will use the strategy of the proof of Theorem 5 whih means that
it will be redued to a loal estimate near γ. We start with the well known version of Egorov's
theorem. To state it we introdue an operator P ∈ Ψm,0(X) suh that
P = pw(x, hDx;h) + iha(x) , p(x, ξ;h) ∈ Sm,0(T ∗X ;R) , a ∈ C∞b (T ∗R;R) .
We assume that the prinipal symbol of p satises p(x, ξ) ≥ 〈ξ〉m/C for |ξ| large enough. Then
exp(−itP/h) is well dened and bounded on L2(X) either by the Hille-Yosida theorem or by a
diret argument.
Lemma A.1. Suppose that Ω ⊂ Ω ⋐ T ∗X, p ∈ Sm,0(T ∗X) is real, and dp↾p−1(0) 6= 0 in Ω.
Suppose also that U ⊂ Ω and that exp(tHp)U ⊂ Ω for 0 < t < T . If p is the prinipal symbol of
P ∈ Ψm,0 and WF (A) is ontained in U , A ∈ Ψ0,0(T ∗X), σm,0(A) = a then
exp(itP/h)A exp(−itP/h) = Opwh ((exp(tHp))∗a) + E(t) ,
‖E(t)‖L2→L2 ≤ C1m(A)eC2th , 0 < t < T ,
(A.4)
where m(A) depends on a nite number of seminorms of the full symbol of A, and C1, C2 depend
only on Ω and p.
Outline of the proof. Using Proposition 2.2 the result is obvious for U small enough and t
suh that
⋃
0≤s≤t exp(sHp)U is ontained in a suiently small neighbourhood of U. Sine Ω
is preompat, the size of U and t an be xed uniformly in Ω. Assuming (as by a partitition
of unity we may) that the U in the lemma is this small, we an divide the interval [0, T ] into
subintervals of desired smallness. The errors estimates, that is estimates on E(t) in (A.4), are
multipliative when swithing from one interval to another and that gives the exponential upper
bound in t.
We an now show that we have ontrol away from a small neighbourhood of γ. See Fig.6 for
an illustration of the hypotheses of the following
Proposition A.1. Suppose that ǫ is small, and let ψǫ ∈ S0ǫ (T ∗X◦)∩ C∞c (T ∗X◦) be a miroloal
ut-o to an hǫ-neighbourhood of π−1γ ∩ {1/2 ≤ g(x, ξ) ≤ 3}, where g is the metri. Then, with
Q(z) as in (A.1), we have
(A.5) Q(z)u = (1− ψǫ)f =⇒ ‖(1− ψǫ)u‖ ≤ C
(
log(1/h)
h
)
‖f‖+O(h∞)‖u‖ .
If ǫ = 0 then we have an improved estimate:
(A.6) Q(z)u = (1− ψ0)f =⇒ ‖(1− ψ0)u‖ ≤ C 1
h
‖f‖+O(h∞)‖u‖ .
Proof. We will rst prove (A.6) and then show how it implies (A.5) using Lemma A.1. To see
(A.6) we hoose ψ˜0 ∈ C∞ so that (1− ψ˜0)(1 − ψ0) = (1− ψ0) and write
h
∫
X
a|u|2 = Im
∫
X
Q(z)uu =
∫
X
(1− ψ0)fu¯
≤ ‖(1− ψ0)f‖
(
‖(1− ψ˜0)u‖+O(h∞)‖u‖
)
,
where we use the same symbols to denote the operator Weyl quantizing the orresponding fun-
tions. Lemma 4.1 an be applied to Q(z) sine both the imaginary term ia(x)h and z are lower
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order terms, and we an hoose Au
def
= a(x)u. Hene
h
∫
X
a|u|2 ≤ C‖(1− ψ0)f‖
(
1
h
‖(1− ψ0)f‖+ ‖au‖+O(h∞)‖u‖
)
≤ 2C
ε
h−1‖(1− ψ0)f‖2 + Cεh‖au‖2 +O(h∞)‖u‖ ,
whih proves (A.6).
We now move to (A.5). Let ϕǫ be a new miroloal ut-o funtion loalized to a annular
neighbourhood, hǫ < d(•, γ) < hǫ/2. Splitting it into inoming and outgoing parts with respet to
the ow, we an, by forward and retarded propagation respetively, move it by exp(−itQ(h)/h),
|t| ≃ ǫ log(1/h) into a xed size set, a nite distane from γ and away from the support of a. The
last ondition guarantees that the propagator is miroloally unitary. We an then apply (A.6).
We an ontinue by a dyadi deomposition argument, with the number of terms proportional
to log(1/h). 
Trapped trajetory
Poinaré setion
hε
Figure 6. A hyperboli trapped trajetory
With the help of the above result we have essentially redued the proof of Theorem A to the
proof of the following
Proposition A.2. With the notation of Proposition A.1 there exist c0, h0, and N0 suh that we
have
(A.7) Q(z)u = ψǫf =⇒ ‖ψǫu‖ ≤ Ch−N0‖f‖+O(h∞)‖u‖
if z ∈ [1, 2] + i(−c0h,+∞) and h < h0.
Outline of the proof. Using [33, Proposition 5.1℄ we an redue the proof of (A.7) to an estimate
for an operator involving the quantum monodromy operator, M(z) (see [33, Set.4℄, and, for a
brief introdution, [22, Set.2, Appendix℄):
(A.8) ‖ψ♯ǫ(I −M(z))−1ψ♯ǫ‖L2(Rn−1)→L2(Rn−1) = O(h−N0+1) , z ∈ [1, 2] + i(−c0h, c0h) ,
where ψ♯ǫ is a miroloal ut-o to an h
ǫ
-neighbourhood of (0, 0) ∈ T ∗Rn−1, indued by ψǫ after
the identiation with the Poinaré setion (see Fig.6), and the inverse of I −M(z) exists on a
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Hilbert spae Hph ⊂ L2, and suh that
ψ♯ǫ = O(h−N(p)) : L2 → Hph , ψ♯ǫ = O(h−N(p)) : Hph → L2 .
The operator M(z) is of the same form as the operator eizℓ(γ)/hM1, ℓ(γ) the length of γ, of [15,
Théorème 2.6℄. We need a translation from the large parameter setting of [15℄ to the semilassial
setting: λ = z/h, h = 1/λ1, λ1 = Reλ. The spaes H
p
h are dened in [15, 3.1, 4.2℄ and the
estimates for the Grushin problem for I−M(z) are obtained in [15, Théorème 4.11℄ (the variable
z appearing there is exp(izℓ(γ)/h) in our notation). Sine in (A.8) we only need the invertibility
of the resulting eetive Hamiltonian for z ∈ [1, 2] + i(−c0h, c0h), Gérard's analysis gives that
and muh more.
To prove Theorem A we need the following lemma whih, for possible future use, we state in
a slightly exessive generality:
Lemma A.2. Suppose that A and B are bounded self-adjoint operators on a Hilbert spae H,
A2 = A , BA = AB = A ,
and F (z) is a family of bounded operators satisfying
F (z)∗ = F (z¯) , ∂zF↾R ≥ cId , c > 0 ,
BF (z)−1B is holomorphi in [−ǫ, ǫ] + i[−δ, δ], δ
ǫ
≪ 1/ logM,
‖BF (z)−1B‖ ≤M , ‖AF (z)−1A‖ ≤ 1 .
(A.9)
Then for |z| < ǫ/2, Im z = 0 we have
(A.10) ‖BF (z)−1B‖ ≤ C logM
δ
, ‖BF (z)−1A‖ ≤ C
√
logM
δ
.
Proof. The rst part of (A.10) works exatly as in [35, Lemma 2℄ and [8, Lemma 4.2℄. To see the
improved version we start by observing that the onditions on F and A imply that for Im z > 0,
small,
Im z‖u‖2 ≤ C Im〈F (z)u, u〉 .
If now F (z)u = Af , then by the assumptions on F , ‖Au‖ ≤ ‖Af‖, and onsequently,
‖Bu‖2 ≤ C‖u‖2 ≤ 1
Im z
〈Af,Au〉 ≤ 1
Im z
‖Af‖2 ,
Here we used the fats that A2 = A = A∗. Sine u = F (z)−1Af , this, and the fat that BA = A,
give
‖BF (z)−1A‖ ≤ C√
Im z
, Im z > 0
‖BF (z)−1A‖ ≤ C‖BF (z)−1B‖ ≤ CM ,
Interpolating as before gives (A.10). 
Proof of Theorem A. We rst ombine Propositions A.1 and A.2 to estimate (1−ψε)Q−1(1−ψε)
and ψεQ
−1ψε by h
−N
. Then, sine
Q(1− ψε)Q−1ψεf = −[Q,ψε]Q−1ψεf + (1− ψε)ψεf
by using these estimates (for a dierent funtion ψ) we get an estimate of the same type for
(1 − ψε)Q−1ψε and onsequently for Q−1. Finally we ombine this latter estimate and (A.6)
with Lemma A.2 applied to the family of operators w 7→ F (w) = (i/h)Q(z0 + hw) and A =
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1lsuppφ, B = 1. We an take δ independent of h and ǫ = 1/(Ch) so that the assumption
δ/ǫ≪ 1/ log(1/hN ) is easily satised.
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